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Solution of the Dynamic Equations

The linear and the angular velocities of the bodies just
after the impact can be calculated from Eqs (1-6), using the
values of Iy and I'r determined by the graphical method

The graphical method and the solution of the equations
are suitable for programming on a digital computer, and,
thereby, it is possible to examine rapidly a large number of
possible impacts
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A Note on “‘Pressure Distribution for
Hypersonic Boundary-Layer Flow”

M S Sastry*
Indian Institute of Technology, Kanpw, India

HE pressure distribution of Ref 3 is improved here to

represent, more accurately, the two cases of strong and
weak hypersonic boundary-layer interaction phenomena for
the derived flat-plate case from the wedge Incidentally,
this also happens to be the pressure distribution of Hayes
and Probstein? for the inviscid case The suitability of this
pressure distribution for the viscous case can also be seen here

Analysis
From shock relations, we have
P, — P 27 .
—= = —'— (M?sin% — 1
B = g s — 1) )

_y+1. ., sindsinA

‘/ 2 aqn2f —
(M2 sin% — 1) 2 * cos@ — A) (2)
sinA = (1 — ¢) sinf cos(f — A) (3)
where
P, = pressure behind the shock wave
P, = freestream pressure
¥ = specific heats ratio
M, = freestream Mach number
# = shock angle
A = deflection angle

density ratio = (v — )/(y + ) + 2/[(v + 1)
M,? X sin?f]

1o satisfy the asymptotic conditions at » = -+« (x being
the surface coordinate), let
6 =6+ 6
A= A+ A
where 6, and A, are shock and deflection angles for the in-
viscid case, and 6; and A; correspond to shock and deflection

angles for the viscous case; and so, after approximating
cos(d — A) = 1, we have from relations (1-4)

[_)il 1= 'Yﬂ[lz Sin2(A0 + Al)
P IR + 2
v+1 (y + 1)M,2 sin2(6, + 6))

where P! is the pressure on the boundary layer
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The pressure distribution in relation (5) for the inviscid
case, as represented by Hayes and Probstein,? is

P, yM,? sin?A
2= =
P 1 + (1 - 6)

(6)

Before discussing the pressure distribution (5) further, we
derive here the relations between 6 and A, for the special
flat-plate case, placed along the freestream direction, from
relation (3)

For the viscous case [Eq (3)], we have

(Ao + A = (6 + 6) X

-2 2 |
Y41 (v + DM202 + 266 + 62
where
sin(Ag + A1) = (Ao + Ay)
sin(fy + 6;) =~ (6o + 61)

Relation (7), for the special case of 6y = sin=1(1/M,) and Ay =~
0, gives

ﬂllAl = (1 + 1[101) X

2 2
[7 +1 (v + D + 2M6, + Mﬁﬂ]?)]
: 2 1
= (e {7_ +1 [1 T+ 2Mi6 + Mﬂﬁﬁ)]}
®)

For the strong interaction case of M6, > 1, we have from
relation (8) that

Ay = 2/(y + D16 )

For the weak interaction case of M6, « 1, we have from re-
lation (8)
2

ﬂ’{lﬂl = (1 +:ﬂ[101) {__'—i X

1-Q—2M6 — M2+ )]}

2
= (1 4+ M,6) {’y T Mi6,[2 + M6 — ]}
Therefore,
4
A =~ ;I—i 0 (10)

Hence, from pressure distribution (5), we have for the plate
case
Pl v Mi2A?

P T T ROy T DI = 1/ 200 3 ]

an)

For the strong interaction case we have, from relations (9)
and (11)

Py’ vk?

LR (e
v+ 1 {1+ (v + Dk + [(v + 1)/2]%2}
where k = 3,4, and which, for £ >> 1, becomes
Pl/Pr =1+ [y(y + 1)/2]k* (12)

For the weak interactions case, we have, from relations (8)
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and (11),
Pi | yMea
P, (M1A)/(1 + M.6)
= ’YAM1A1(1 + M}@l) (13)

From relations (10) and (13), we have, for the weak inter-
action case,

5 =14+ vk +

Pyl vy +1D,,
P, — k (14)

It may be of interest to note that the simplification of
relation (11) with relation (10) will give us a series as
Py’ ror+ 1,

8

po= Ltk

(15)
But this series, in relation (15), contains alternatingly nega-
tive and positive terms after the third term  As such, this
procedure may not be good, though the approximation can
easily be made up to the third term

Conclusions

From relations (12) and (14), it can be seen that the pres-
sure distribution in relation (5) is having a very good ap-
proximation of the tangent-wedge pressure distribution
Also, it may be of interest to note that relations similar to
relations (9) and (10) can be derived from relation (2) as
well From the present note and the note in Ref 3, it can
be seen that the pressure distribution of Pai in Ref 1 is well
modified to bring the results very near to the tangent-wedge
approximation
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An Analysis of the Yawing Motion of
a Rocket with a Varying Mass

W J Byrni JR * AND S RayNort
Northwestein Ungversity, Evanston, Il

Nomenclature

mass of the rocket as a function of time, slugs

mass of the rocket at ignition, slugs

mass of the rocket at burnout, slugs

constant related to the burning rate of the propellant,
per sec

time, sec

horizontal velocity of the rocket, fps

cross sectional area of the rocket, ft2

thrust 1b

radius of gyration, ft

distance from center of mass to nozzle exit, ft

length of the rocket, ft

aerodynamic drag coefficient

aerodynamic restoring moment coefficient
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atmospheric density slugs/ft®
angle of yaw, rad
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THE angular oscillation about a horizontal flight path,
experienced by a fin-stabilized rocket during the burning
period, is known to have an increasing period and a decreasing
amplitude This behavior is clearly due to the decreasing
moment of inertia as the rocket loses mass and to the increas-
ing magnitude of the restoring moment as the velocity of the
rocket increases The authors have presented a simplified
analysis which demonstrates the yaw behavior in a closed-
form solution

The flight path of the rocket is horizontal, and the aero-
dynamic coefficients are assumed constant Although the
mass is a function of time, it is assumed that the radius of
gyration and the center of mass with respect to the vehicle
remain unchanged The rate at which the propellant is
consumed is constant, and the mass is represented as

= m()(l — Ct)
The equation of motion for the center of mass of the rocket
is
mo(l — et)(dV/dt) + 3CppSVE =T

where the thrust is a constant  This equation, of the Ricatti
type, may be integrated by separation of variables to yield

V) = (T/3CopS)V2[Co + (1 — ct)F)/[Co — (1 — e)®] (1)
where
B = 2(3CppST)*/cmy
Co = [Vo+ (T/3C008)21/[Vo — (T/3C0pS)*?]
and Vg is the horizontal velocity at the time of ignition

The equation deseribing the yaw is derived in Ref 1 and
may be written as

mok?(l — ety ¢ + (2 — kDemop + 1C0lSV20 = 0 (2)

where the dot signifies the derivative with respect to time
The angle of yaw is assumed small so that sing « tane = ¢
Substituting for the velocity from Eq (1) and dividing by the
leading coefficient gives

.ooe(rr — BNk
¢+ ) ¢+

leT/CDmOk2 Co + (1 - Ct)B 2 -0 <3)

A—ct)y |Co—a-—-er] ¢~

For small rockets (final mass to initial mass ratios greater
than 809%,) the effect of the second term in Eq (8) is small
in the final result; therefore, the coefficient is replaced by a
constant average value 2K defined as

2K = 3le(r® — k2)/k2][(mo + my)/my)]
The equation is then rewritten as
¢+ 2Ko + K2[V2(0)/(1 — et)]o = 0 @

where
K2 = 3C..plS/mek?
Furthermore, the variable coefficient of ¢ is approximated as
V20 /(1 — ct) > V(1 4 t/T)?
where
/Ty = (1 + AV/Vo)/(1 — Am/m)V? — 1

and where £, is the time of burnout, AV/V, is the fractional
velocity increase during the burning period, and Am/me is
the fractional mass decrease over the same time  Introducing
the approximation into the equation yields

&+ 2K¢ + K2Vl + t/Ty)20 = 0



